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Unique factorization domain are, of course, the integral domains in which
every nonzero nonunit element has a unique factorization (up to order and
associates) into irreducible elements, or atoms. Now UFDs can also be char-
acterized by the property that every nonzero nonunit is a product of principal
primes or equivalently that every nonzero nonunit has the form upα11 · . . .·p
αn
n ,
where u is a unit, p1, . . . , pn are non-associate principal primes and each
αi ≥ 1. Each of the p
αi
i , in addition to being a power of a prime, has other
properties, each of which is subject to generalization. For example, each pαii
is primary and pαii are pairwise comaximal. There exist various generaliza-
tions of a (unique) factorization into prime powers in integral domains [1].
In this paper we consider the comaximal factorization recently introduced by
McAdam and Swan [7]. They defined a nonzero nonunit element c of an inte-
gral domain D to be pseudo-irreducible (pseudo-prime) if d = ab (abR ⊂ dR)
for comaximal a and b implies that a or b is a unit (aR ⊂ dR or bR ⊂ dR).
A factorization d = di . . . dn is a (complete) comaximal factorization if each
di is a nonzero nonunit (pseudo-irreducible) and di’s are pairwise comaximal.
The integral domain D is a comaximal factorization domain if each nonzero
nonunit has a complete comaximal factorization.
We call an integral domain atomic if every nonzero nonunit element of
D has a factorization into atoms; such a factorization is called an atomic
factorization. In [4] it is constructed an atomic domain that is not a comaxi-
mal factorization domain. Antimatter domain is an integral domain with no
atoms. Among many other interesting results is the one that integral domain
is a subring of an antimatter domain that is not a field. Moreover we have
the following result:
Theorem 1. [4] Every integral domain is a subring of a one-dimensional
antimatter Bezout domain which is a complete comaximal factorization do-
main.
Therefore, the subject of research of this paper is a Bezout domain which
is a comaximal factorization domain.
Let us start with the following Henriksen example [3]
R = {z0 + a1x+ a2x
2 + · · ·+ anx
n + · · · | z0 ∈ Z, ai ∈ Q, i = 1, 2, . . . }.
This domain is a two-dimensional Bezout domain having a unique prime
ideal J(R) (Jacobson radical) of height one and having infinitely many max-
imal ideals corresponding to the maximal ideals of Z. The elements of J(R)
are contained in infinitely many maximal ideals of R while the elements of
R \J(R) are contained in only finitely many prime ideals. This ring is a ring
of stable range 2 and R is not a ring of stable range 1.
Definition 1. A ring R is said to have a stable range 1 if for every elements
a, b ∈ R such that aR + bR = R we have (a + bt)R = R for some element
t ∈ R. A ring R is said to have a stable range 2 if for every elements
a, b, c ∈ R such that aR + bR + cR = R we have (a + cx)R + (b+ cy)R = R
for some elements x, y ∈ R.
The Henriksen example is an example of a ring in which every nonzero
nonunit element has only finitely many prime ideals minimal over it. By
[7] in Henriksen’s example every nonzero nonunit element has a complete
comaximal factorization. The element of J(R) has a complete comaximal
factorization cxn, where c ∈ Q (cxn is a pseudo-irreducible element). More-
over, every nonzero element of J(R) is pseudo-irreducible. The elements of
R\J(R) are contained in only finitely many prime ideals and have a complete
comaximal factorization corresponding their factorization in Z.
It is shown [7] that an integral domain R has a complete comaximal
factorization if either 1) each nonzero nonunit of R has only finitely many
minimal primes or 2) each nonzero nonunit of R is contained in only finitely
many maximal ideals.
For a commutative ring R, let specR andmspecR denote the collection of
all prime ideals and all maximal ideals of R respectively. The Zariski topology
on specR is the topology obtained by taking the collection of sets of the form
D(I) = {P ∈ specR | J * P} (respectively V (I) = {P ∈ specR | J ⊆ P}),
for every ideal I of R as the open (respectively closed) sets.
A topological spaceX is called Noetherian if every nonempty set of closed
subsets of X ordered by inclusion has a minimal element. An ideal J of R is
called a J-radical ideal if it is the intersection of all maximal ideals containing
it. Clearly, J-radical ideals of R correspond to closed subset of mspecR.
When considered as a subspace of spaceR, mspaceR is called a max-
spectrum of R. So its open and closed subsets are
D(I) = D(I) ∩mspecR = {M ∈ mspecR | J *M}
and
V (I) = V (I) ∩mspecR = {M ∈ mspecR | J ⊆M},
respectively. Clearly max-spectrum of R is Noetherian if and only if R satis-
fies the ascending chain condition for J-radical ideals, i.e. R is a J-Noetherian
ring [9].
For a commutative Bezout domain R this condition is equivalent to a
condition that every nonzero nonunit element of R has only finitely many
prime ideals minimal over it [9].
Let R be a domain and a ∈ R. Denote by minspec a the set prime ideals
minimal over a.
Lemma 1. Let R be a Bezout domain and a be a nonzero nonunit element
of R. Then a is pseudo-irreducible if and only if R = R/aR is connected (i.e.
its only idempotents are zero and 1).
Proof. Let a be a pseudo-irreducible element and let e¯ = e + aR 6= 0¯ and
e¯2 = e¯. Than e(1−e) = at for some element t ∈ R. Let eR+aR = dR, where
d /∈ U(R) and e = de0, a = da0 and a0R+ e0R = R. Then with e(1− e) = at
we have e0(1 − e) = a0t. Since e0R + a0R = R we have a0R + eR = R, i.e.
a0R + dR = R, so a is not a pseudo-irreducible element. We obtained the
contradiction, therefore, R is connected.
Let R be a connected ring. Suppose that a is not a pseudo-irreducible
element, i.e. a = bc, where b /∈ U(R), c /∈ U(R), and bR + cR = R. Than
bu + cv = 1 for some elements u, v ∈ R. Then b¯2u¯ = b¯, where b¯ = b + aR,
u¯ = u+ aR. Since b¯u¯ is an idempotent and R is connected, we have b¯u¯ = 0¯
or b¯u¯ = 1¯. If b¯u¯ = 0¯ then bu = at for some element t ∈ R. Then bu = bct,
i.e. u = ct. It is impossible since bu + cv = 1 and c /∈ U(R). If b¯u¯ = 1¯ then
aR + bR = R, i.e. b ∈ U(R). Thus, we proved that a is pseudo-irreducible
element.
We will notice that in a local ring, every nonzero nonunit element is
pseudo-irreducible. If a is a element of domain R where |minspec a| = 1
then a is also pseudo-irreducible. In Henriksen’s example R = {z0 + a1x +
a2x
2+ · · ·+anx
n+ · · · | z0 ∈ Z, ai ∈ Q, i = 1, 2, . . . }, x is pseudo-irreducible.
Note that 6 is not pseudo-irreducible but x = 6 · 1
6
x, i.e. a nonunit divisor of
a pseudo-irreducible element is not pseudo-irreducible. In the case of a neat
element it is not true.
Definition 2. A commutative ring R is called an elementary divisor ring
[5] if for an arbitrary matrix A of order n×m over R there exist invertible
matrices P ∈ GLn(R) and Q ∈ GLm(R) such that
(1) PAQ = D is diagonal matrix, D = (dii);
(2) di+1,i+1R ⊂ diiR.
By [11], we have the following result.
Theorem 2. Every J-Noetherian Bezout ring is an elementary divisor ring.
By [13], for a Bezout domain we have the following result.
Theorem 3. Let R be a Bezout domain. The following two condition are
equivalent:
(1) R is an elementary divisor ring;
(2) for any elements x, y, z, t ∈ R such xR+yR = R and zR+ tR = R there
exists an element λ ∈ R such that x+ λy = r · s, where rR+ zR = R,
sR + tR = R and rR+ sR = R.
Definition 3. Let R be a Bezout domain. An element a ∈ R is called a
neat element if for every elements b, c ∈ R such that bR+ cR = R there exist
r, s ∈ R such that a = rs where rR+bR = R, sR+cR = R and rR+sR = R.
A Bezout domain is said to be of neat range 1 if for any c, b ∈ R such that
cR + bR = R there exists t ∈ R such that a+ bt is a neat element.
According to Theorem 3 we will obtain the following result.
Theorem 4. A commutative Bezout domain R is an elementary divisor do-
main if and only if R is a ring of neat range 1.
Theorem 5. A nonunit divisor of a neat element of a commutative Bezout
domain is a neat element.
Proof. Let R be a commutative Bezout domain and a be a neat element of R.
Let a = xy. Then for every element b, c ∈ R such that bR+cR = R there exist
r, s ∈ R such that a = rs where rR+bR = R, sR+cR = R and rR+sR = R.
Let rR+xR = αR, r = αr0, x = αx0 for some elements r0, x0 ∈ R such that
r0R+x0R = R. Since a = rs = xy we have αr+0s = αx0y. Then r0s = x0y.
Since r0R + x0R = R, then r0u + x0v = 1 for some elements u, v ∈ R. By
r0s = x0y we have r0su+x0sv = s, x0(yu+ sv) = s. We have x = αx0 where
αR + bR = R and x0R + cR = R and αR + x0R = R since rR ⊂ αR and
sR ⊂ x0R, i.e. x is a neat element.
Theorem 6. Let R be a J-Noetherian Bezout domain which is not a ring of
stable range 1. Then in R there exists an element a ∈ R such that R/aR is
a local ring.
Proof. By [11], R is an elementary divisor ring. By Theorem 4 R is a ring
of neat range 1. Since R is not a ring of stable range 1, then in R there
exist a nonunit neat element a. Since R is a complete factorization ring [2],
then a has a factorization a = a1 . . . an where a is a nonzero nonunit pseudo-
irreducible element and ai’s are pairwise comaximal. Since a nonunit divisor
of a neat element is a neat element, we have that ai is a neat element for
all i = 1, . . . , n. Since all ai are pseudo-irreducible, then R/aR is connected
ring. Since ai is a neat element we have that R/aiR is connected clean ring.
By [14], R/aiR is local ring.
By [12], any adequate element of a commutative Bezout ring is a neat
element.
Definition 4. An element a of a domain R is said to be adequate, if for
every element b ∈ R there exist elements r, s ∈ R such that:
(1) a = rs;
(2) rR + bR = R;
(3) s′R + bR 6= R for any s′ ∈ R such that sR ⊂ s′R 6= R.
A domain R is called adequate if every nonzero element of R is adequate.
The most trivial examples of adequate elements are units, atoms in a
ring, and also square-free elements [10].
Henriksen observed that in an adequate domain every nonzero prime ideal
is contained in an unique maximal ideal [3].
Theorem 7. Let R be a commutative Bezout element and a is non-zero
nonunit element of R. If R/aR is local ring then a is an adequate element.
Proof. Let b ∈ R. Since R/aR is local ring, then there exists a unique
maximal ideal M such that a ∈ M .
If b ∈ M we have a = 1 · a and for each nonunit divisor s of a we have
sR + bR ∈M , i.e. sR + bR 6= R.
If b /∈M , we have aR + bR = R.
Theorem 8. Let R be a J-Noetherian Bezout domain which is not a ring of
stable range 1. Then in R there exists a nonunit adequate element.
Theorem 9. Let R be a Bezout domain in which every nonzero nonunit
element has only finitely many prime ideals minimal over it. Then the factor
ring R/aR is the direct sum of valuation rings.
Proof. Let P1, P2, . . . , Pn ∈ minspec aR. We consider the factor ring R =
R/aR. We denote P i = Pi/aR, where Pi ∈ minspec aR, i = 1, 2, . . . , n. Note
that P i ∈ minspecR are all minimal prime ideals of the ring R. By [6], the
ideals P i are comaximal in R. Obviously, radR =
n⋂
i=1
P i, and by the Chinese
remainder theorem we have
R/radR ∼= R/P 1 ⊕ R/P 2 ⊕ . . .⊕ R/P n.
Since any prime ideal of spec aR is contained in a unique maximal ideal, then
R/P i are valuation rings. Moreover, there exist pairwise orthogonal idem-
potents e1, . . . , en, where ei ∈ R/P i such that e1 + . . . + en = 1. Then, by
lifting the idempotent ei modulo radR to pairwise orthogonal idempotents
e1, . . . , en ∈ R we find that 1 − (e1 . . . + en) is an idempotent and 1 − (e1 +
. . .+ en) ∈ radR, which is possible only if it is zero. Therefore,
R = e1R ⊕ e2R⊕ · · · ⊕ enR
and each eiR is a homomorphic image of R, i.e. a commutative Bezout ring.
Since any prime ideal of R is contained in a unique maximal ideal, then eiR
is a valuation ring.
A minor modification of the proof of Theorem 9 gives us the following
result.
Theorem 10. Let R be a commutative Bezout domain in which any nonzero
prime ideal is contained in a finite set of maximal ideals. Then for any
nonzero element a ∈ R such that the set minspec aR is finite, the factor ring
R = R/aR is a direct sum of semilocal rings.
Proof. According to the notations from Theorem 9 and its proof, we have
R = e1R⊕ e2R⊕ . . .⊕ enR.
Since any prime ideal of the ring R is contained in a finite set of maximal
ideals, then eiR is a semilocal ring.
Obviously, if a commutative ring R is a direct sum of valuation rings Ri,
then R is a commutative Bezout ring. Let a = (a1, . . . , an), b = (b1, . . . , bn)
be any elements of R, where ai, bi ∈ Ri, i = 1, 2, . . . , n. Since Ri is a valuation
ring, then ai = risi, where riR+ biR = R and s
′
iRi + biRi 6= Ri for any non-
invertible divisor s′i of the element si. If r = (r1, . . . , rn), s = (s1, . . . , sn) then
obviously a = rs, rR + bR = R. For each i such that s′i is a non-invertible
divisor of si ∈ Ri, we have siRi + biRi 6= Ri. Hence s
′R + bR 6= R, i.e. a is
an adequate element.
A ring R is said to be everywhere adequate if any element ofR is adequate.
Note that, as shown above, in the case of a commutative ring, which is a
direct sum of valuation rings, any element of the ring (in particular zero) is
adequate, i.e. this ring is everywhere adequate.
Definition 5. An nonzero element a of a ring R is called an element of
almost stable range 1 if the quotient-ring R/aR is a ring of stable range 1.
Any ring of stable range 1 is a ring of almost stable 1 [8]. But not every
element of stable range 1 is an element of almost stable range 1. For example,
let e be a nonzero idempotent of a commutative ring R and eR + aR = R.
Then ex+ay = 1 for some elements x, y ∈ R and (1−e)ex+(1−e)ay = 1−e,
so e+ a(1− e)y = 1. And we have that e is an element of stable range 1 for
any commutative ring. However if you consider the ring R = Z× Z and the
element e = (1, 0) ∈ R then, as shown above, e is an element of stable range
1, by R/eR ∼= Z, and e is not an element of almost stable range 1. Moreover,
if R is a commutative principal ideal domain (e.g. ring of integers), which
is not of stable range 1, then every nonzero element of R is an element of
almost stable range 1.
Definition 6. A commutative ring in which every nonzero element is an
element of almost stable range 1 is called a ring of almost stable range 1.
The first example of a ring of almost stable range 1 is a ring of stable
range 1. Also, every commutative principal ideal ring which is not a ring of
stable range 1 (for example, the ring of integers) is a ring of almost stable
range 1 which is not a ring of stable range 1.
We note that a semilocal ring is an example of a ring of stable range 1.
Moreover, a direct sum of rings of stable range 1 is a ring of stable range 1.
As a consequence, we obtain the result from the previous theorems.
Theorem 11. Let R be a Bezout domain in which every nonzero nonunit
element has only finitely many prime ideals minimal over it. Then the factor
ring R/aR is everywhere adequate if and only if R is a direct sum of valuation
rings.
Theorem 12. Let R be a Bezout domain in which every nonzero nonunit
element has only finitely many prime ideals minimal over it and any nonzero
prime ideal spec aR is contained in a finite set of maximal ideals. Then a is
an element of almost stable range 1.
Open Question. Is it true that every commutative Bezout domain in
which any non-zero prime ideal is contained in a finite set of maximal ideals
is an elementary divisor ring?
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